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Question: what is the range of applicability of standard collinear formalism with  DGLAP evolution and 
the calculations with low x effects (including saturation)?

One possible answer: it depends on the process

Another answer: it depends on the accuracy of calculation in both cases.  Is it possible to extend the 
region of validity of any of these approaches through the resummation?

Obligatory small-x physicist plot: (x,Q) plane
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High energy limit

At small x there are large logs.  Splitting function :

At high energy, or small x we can have:

↵S ln 1/x ⇠ 1

Need to resum them as well to all orders:

(↵S ln 1/x)n

Any fixed order here would not be sufficient, potentially very large corrections.

p
s!1, x! 0 Energy much larger than any other scale in the process
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 Many soft gluon emissions in small x limit
Cascade of the n soft gluons

Nested logarithmic integrals

Resummation of the gluon emissions performed by the  equation

kernel describing 
branching of gluons

integral over 
transverse momenta

unintegrated 
gluon density

Strong ordering (in longitudinal momenta)

I.Balitsky, V.Fadin, 
E.Kuraev,L.Lipatov

Note: transverse momenta are not ordered

Large logarithm
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Evolution equation in  longitudinal momenta

Rise too strong 
for the data!

Leading exponent(spin)

Very large next-to-leading correction!
Problems with convergence.

dfg(x, k2
T )

d ln 1/x
=

↵sNc

⇡

Z
d2k0

TK(kT , k0
T ) fg(x, k0

T )

Solution:
fg(x, kT ) ⇠ x�!P !P = j � 1 =

↵sNc

⇡
4 ln 2

�DIS
�⇤p ⇠ s!P

Take higher order 
corrections.
 V.Fadin,L.Lipatov, 

G.Camici,M.Ciafaloni

↵sK0 + ↵2
sK1 + . . .

!P ' ↵̄s4 ln 2(1� 6.5↵̄s)
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LL
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relevant  values 
of ↵s
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Why NLLx is so large in BFKL?

• Strong coupling constant is not a naturally small parameter in the 
Regge limit:

• Regge limit is inherently nonperturbative. 

• Compare DGLAP (collinear approach):

• No momentum sum rule, since the evolution is local in x. In 
DGLAP: momentum sum rule satisfied at each order due to the 
initial assumption of the collinearity of the partons and the non-
locality of the evolution in x.

• Approximations in the phase space (multi-Regge kinematics, quasi 
multi-Regge kinematics, etc..) cannot be recovered  by the (fixed 
number of) the higher orders of expansion in the coupling 
constant.

s� |t|,�2
QCD but �s(µ2), µ2 �= s

Q2 � �2 and �s(Q2)� 1
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Resummation

energy

scale (related 
to transverse 
momentum)

✓
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⇡
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◆n

✓
↵sNc

⇡
ln

Q

Q0

◆n

Problem with two 
large parameters

lnQ/Q0

ln 1/x

Mellin variables: � � ln k2
T � � ln 1/x

�(�) =
Z
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k2
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✓
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◆�

�(!) =
Z

dzP (z)z�!

Kernel in Mellin space

Anomalous dimension
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General setup
• Kinematical constraint.

• DGLAP  splitting function at LO and NLO.

• NLLx BFKL with suitable subtraction of terms 
included above.

• Momentum sum rule.

• Running coupling.

• Calculations done in momentum space, even 
though Mellin space used  as a guidance.

Ciafaloni, Colferai. 
Salam, AS
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LLx + NLLx
Representation of the kernel

Mellin variables: � � ln k2
T � � ln 1/x

�0(�) = 2 (1)�  (�)�  (1� �)

↵̄s ⌘
Nc↵s

⇡
K =

1X

n=0

↵̄n+1
s Kn

LLx kernel in Mellin space

BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k $ k0 and k0 $ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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NLLx kernel in Mellin space

running coupling
triple poles
double poles
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LLx + NLLx kernel
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Kernel on imaginary axis

Two saddle points on complex plane at higher order: oscillating cross section

Kernel in complex space
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Collinear poles

But Ku
ω and Kl

ω are related to Kω by the ω-dependent similarity transformations (9a,9b),
so that the latter must have the following collinear structure

Kω(k, k′) ! ᾱs(k
2)



 1

k2

(
k′

k

)ω ( ᾱs(k2)

ᾱs(k′2)

)−
A1(ω)

b

Θ(k − k′) +

+
1

k′2

(
k

k′

)ω ( ᾱs(k2)

ᾱs(k′2)

)A1(ω)
b

−1

Θ(k′ − k)



 . (15)

In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
ior of Eqs. (14,15), we obtain the leading collinear singularities of the coefficient kernels Kω

n

in Eq. (10). This implies that, in γ-space, the corresponding eigenvalues have the following
structure

χω
n(γ) =

1·A1(A1 + b) · · · [A1 + (n − 1)b]

(γ + ω
2 )n+1

+
1·(A1 − b)A1 · · · [A1 − nb]

(1 − γ + ω
2 )n+1

, (16)

where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
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2 (+ω
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χω
0 (γ) !

1

γ + ω
2

+
1

1 − γ + ω
2

,

χω
1 (γ) !

A1(ω)

(γ + ω
2 )2

+
A1(ω) − b

(1 − γ + ω
2 )2
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Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
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0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the
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χcoll
1 (γ) =

[
ᾱsχ

ω
0 (γ)

∂χω
0

∂ω
+ χω

1
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ω=0

= −
1

2γ3
−

1

2(1 − γ)3
+

A1(0)

γ2
+

A1(0) − b

(1 − γ)2
+ . . . . (18)

We note that the ω-dependent shift has generated cubic poles 1
γ3 , 1

(1−γ)3 which seem to imply

double logs log2 k2
<

k2
>

, but are actually needed with the choice of scale kk0 in order to recover

the correct Bjorken variable k2
>/s. The collinear terms with A1(ω) have instead generated

double poles 1
γ2 , 1

(1−γ)2 which correspond to single logs, log
k2

<

k2
>

.

The double and cubic poles at γ = 0 and γ = 1 so obtained are precisely those of the full
NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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k
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A1(ω)

b

Θ(k − k′) +

+
1

k′2

(
k

k′

)ω ( ᾱs(k2)

ᾱs(k′2)

)A1(ω)
b

−1

Θ(k′ − k)



 . (15)
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Scale choices

2 Renormalisation Group improved approach

The size of subleading corrections [4, 5] to the BFKL kernel K(k,k′) and the ensuing insta-
bilities [6, 7, 8] make it mandatory to understand the physical origin of the large terms and
possibly resum them. In a series of papers [9,10,11] (for a review see [35]) it was argued that
most of the large corrections were due to collinear contributions, so as to achieve consistency
of high-energy factorization [27] at subleading level [28] with the renormalisation group. This
requires resummation [9] of both the energy scale-dependent terms of the kernel [5] and of
the leading-log collinear logarithms [10] for both Q ! Q0 and Q " Q0, with Q, Q0 being
the hard scales of the process. In the following we summarize the approach of [11], which
incorporates both the renormalisation group requirements and the known exact forms of the
leading [1] and next-to-leading [4, 5] BFKL kernel. A resummation for anomalous dimen-
sions within a single collinear regime Q ! Q0 has been proposed in [12], and alternative
resummations in [13,14,15].

2.1 k-factorization and high-energy exponents

We consider a general process of scattering of two hard probes A and B with scales Q and
Q0 at high center-of-mass energy

√
s. We assume that the cross section can be written in the

following k-factorized form [27]:

σAB(s;Q,Q0) =

∫
dω

2πi

d2k

k2

d2k0

k2
0

(
s

QQ0

)ω

hA
ω (Q,k) Gω(k,k0) hB

ω (Q0,k0) (1)

where hA and hB are dimensionless impact factors which characterize the probes and ensure
that |k| (|k0|) is of order Q (Q0), and the gluon Green’s function is defined by

Gω(k,k0) = 〈k|[ω −Kω]−1|k0〉 . (2)

The function Kω is the kernel of the small-x equation of the general form

ωGω(k,k0) = δ2(k − k0) +

∫
d2k′

π
Kω(k,k′) Gω(k′,k0) . (3)

The factorization formula (1) involving two-(Regge)gluon exchange, has been justified up to
NL log s level in Refs. [28] for initial partons and in [29, 30] for physical probes. At further
subleading levels, many (Regge)gluon Green’s functions contribute to the cross section as
well, due to the s-channel iteration. However, our purpose here is to incorporate leading-
twist collinear behavior, and at that level the two-gluon contribution is dominant, so that we
shall consider only the contribution (1) in the following.

While k-factorization is supposed to be valid for αs ! ω " 1, we shall sometimes extra-
polate Eq. (1) to sizable values of ω = O(1) and moderate values of s, encouraged by the
stability of our resummation, and by the possibility of incorporating phase space thresholds
in Eq. (1) (cfr. Sec. 6). It should be kept in mind that such a region lies outside the validity
range of Eq. (1), so that the extrapolated Green’s function loses — most probably — its
original meaning as two-(Regge)gluon propagator.

In writing Eq. (1), we have performed the choice of energy scale s0 = QQ0, in terms of
which the high energy kinematics shows a simpler phase space, as explained in more detail
in Sec. 6. Actually, for intermediate subenergies it is more convenient to introduce as energy
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HE factorization for the cross section

BFKL equation for the gluon Green’s 
function

Different possible scale choices:

⌫0 = kk0

⌫0 = k2

⌫0 = k20

symmetric (ex. two jets)

DIS type configuration

k ⇠ k0

k � k0

k ⌧ k0
where k> = max(k, k0) and k< = min(k, k0). The transformation (8) implies the following
change of kernel Kω

Kω(k, k′) → Ku
ω(k, k′) = Kω(k, k′)

(
k

k′

)ω

, ν0 = k2 , (9a)

Kω(k, k′) → Kl
ω(k, k′) = Kω(k, k′)

(
k′

k

)ω

, ν0 = k′2 , (9b)

where now Ku
ω (Kl

ω) means the kernel for the upper-k2 (lower-k′2) energy scale choice.
Our goal is to find a resummed prescription for Kω(k, k′) which takes into account the

large Y terms and is consistent with renormalisation group equations. The kernel Kω(k, k′)
is not scale invariant, and it can be expanded in powers of the coupling constant as follows

Kω(k, k′) =
∞∑

n=0

[ᾱs(k
2)]n+1 Kω

n(k, k′) . (10)

where

ᾱs(k
2) =

1

b log(k2/Λ2)
, b =

11

12
−

Nf

6Nc
, (11)

and the coefficient kernels Kω
n(k, k′) are now scale invariant, and additionally carry some

ω-dependence. We shall now see how the renormalisation group constraints on Ku
ω and Kl

ω

determine the collinear behavior of Kω .

2.3 Renormalisation group constraints and shift of γ poles

It is important to notice that the ω-dependence of the scale invariant kernels Kω
n , present in

Eq. (10), is not negligible (even for the small ω values being considered) and follows from the
requirement that collinear singularities have to be single logarithmic in both regimes k # k0

and k0 # k. If k # k0, it is simplest to discuss the kernel in its form Ku
ω, Eq. (9a). A

leading-log k2 analysis for k # k′ shows that its collinear singularities are determined by the
non-singular part (in ω space), A1(ω), of the gluon anomalous dimension,

ᾱsA1(ω) = γgg(ω) −
ᾱs

ω
, (12)

and

A1(ω) = −
11

12
+ O(ω), (Nf = 0) , (13)

In contrast the singular part ᾱs/ω is accounted for by the iteration of the BFKL equation
itself.

To be precise, one has

Ku
ω(k, k′) $

ᾱs(k2)

k2
exp

∫ t

t′
d(log κ2) A1(ω)ᾱs(κ

2) =
ᾱs(k2)

k2

(
1 − bᾱs(k

2) log
k2

k′2

)−
A1(ω)

b

,

(14)
where t = log k2/Λ2

QCD, indeed showing single logarithmic scaling violations. A similar

reasoning, yields the collinear behavior of Kl
ω from Eq. (9b) with the opposite strong ordering

behavior k′ # k, which is relevant in the regime k0 # k.
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variables the scalar products of type ν = 2kµkµ
0 , which have |k||k0| as threshold, so that

|k||k0|/ν is a good Mellin variable. Correspondingly, the energy dependence of the Green’s
function and of the impact factors is defined by (k ≡ |k|, k0 ≡ |k0|)

G(ν,k,k0) =

∫
dω

2πi

(
ν

kk0

)ω

Gω(k,k0) (4)

≡
1

kk0
G(Y ; t, t0) ,

(
Y ≡ log

ν

kk0
, t ≡ log

k2

Λ2

)

and

h(ν, Q,k) =

∫
dω

2πi

(
ν

Qk

)ω

hω(Q,k) . (5)

In this paper, we are mostly interested in the properties of the two-scale Green’s function
and of its high-energy exponents. It was pointed out in [11] that, in the improved approach
with running coupling, the high energy limits of the Green’s function and of the collinear
splitting functions are regulated by different indices, which both originate from the frozen
coupling hard Pomeron exponent. We shall define the index ωs(t) by (cfr. Sec. 4.4)

G(Y ; t, t0) "
1√

2πᾱsχ′′Y
exp[ωs(

t + t0
2

)Y + diffusion corrections] , ᾱs ≡ αs
Nc

π
(6)

in the limit ωs(t)Y $ 1 and t " t0 $ 1, and the index ωc(t) by

xP (ᾱs(k
2), x)

x→0−→ x−ωc(t)p(ᾱs) , (7)

where P (ᾱs(k2), x) is the resummed gluon-gluon splitting function (Sec. 5). The exponent
ωs in Eq. (6) used to be defined as the location of the anomalous dimension singularity in the
saddle point approximation. It is now understood [11], see also [13], that this singularity is
actually an artefact of the saddle point approximation, and that the true anomalous dimension
singularity, located at ω = ωc(t), causes the power behavior of the effective splitting function.
This result has then been confirmed in the alternative resummation procedures of [36,37,13].

Even the definition in Eq. (6) is not free of ambiguities, due to the occurrence of diffusion
corrections to the exponent [24,25,8,26] which rapidly increase with Y , and to the contamina-
tion of the non-perturbative Pomeron, which dominates above some critical rapidity [22,23].

In the following, both regimes t " t0 and t $ t0 will be discussed in detail in the RG-
improved approach, by emphasizing our perturbative predictions and their range of validity.

2.2 Scale changing transformations

Let us note that the symmetrical scale choice ν0 = kk0 performed in Eq. (4) is not the only
possible one, and is physically justified only in the case k ∼ k0. This configuration occurs for
example in the process of γ∗γ∗ scattering at high energy with comparable virtualities of both
photons [20], forward jet/π0 production in DIS [38] or production of 2 hard jets at hadron
colliders [19]. However, in the typical deep inelastic situation, when one of the scales is much
larger, k $ k0 (k0 $ k) the correct Bjorken variable is rather k2/s (k2

0/s). In order to switch
to this asymmetric case one should perform a similarity transformation on the gluon Green’s
function of the form

Gω →
(

k>

k<

)ω

Gω , (8)

5

Similarity transformation
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Shift of poles

BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k $ k0 and k0 $ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Shift of poles (symmetric case)

LL case with shifts

Shift of poles (symmetric case) reproduces highest poles up to NNLO in sYM 
(highest poles the same in QCD)

14

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q2/s with Q2 the (minus) virtuality of the photon.
For the case of the different process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ! Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be different from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

χ(γ,ω) = 2ψ(1) − ψ(γ +
ω

2
)− ψ(1− γ +

ω

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around γ = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]

χsYM
1 = − 1

2γ3
− 1.79 +O(γ) , (19)

χsYM
2 =

1

2γ5
− ζ(2)

γ3
− 9ζ(3)

4γ2
− 29ζ(4)

8γ
+O(1) . (20)

Since it is symmetric case the coefficients of the poles around γ = 0 and γ = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around γ = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing ω
expansion of the shifted eigenvalue (18)

χ(γ,ω) = 2ψ(1) − ψ(γ +
ω

2
)− ψ(1− γ +

ω

2
) = χ0 + χ(1)ω

2
+

1

2!
χ(2)

(ω

2

)2
+ . . . , (21)

where the χ(i) is the i-th derivative of χω with respect to ω. The term lowest in order in ᾱs

in the expansion is simply χ0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. ω0 = ᾱsχ0, and substitute it into (21) and keep terms up to first
power in ᾱs. One obtains

χ(γ) = χ0 +
1

2
ᾱsχ

(1)χ0 . (22)

This gives the contribution to the NLL order

χ1(γ) =
1

2
χ(1)χ0 =

1

2

[

ψ(1)(γ) + ψ(1)(1− γ)
]

[2ψ(1) − ψ(γ) − ψ(1− γ)] . (23)

Expanding around γ = 0 one obtains the following pole structure

χ1(γ) = − 1

2γ3
− ζ(2)

γ
+O(1) . (24)
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Highest poles reproduced, lack of next-to-highest poles.
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Kinematical constraint
Shifts  are equivalent to the kinematical constraints imposed  on the transverse 

momenta in the ladder

x(1z − z), qT

x, kT

x
z , k

′
T

There is a stronger constraint arising however from the requirement that in the low x for-
malism the exchanged gluons have off-shellness dominated by the transverse components, i.e.
one keeps terms that obey |k2| ! k2T . The derivation of the kinematical constraint here follows
[19].

The gluon four momentum is as usual decomposed into light cone and transverse components

k = (k+, k−,kT ) , (3)

where k± = k0 ± k3. Now the exchanged gluon virtuality in these variables is equal to

k2 = k+k− − k2T . (4)

The condition |k2| ! k2T translates approximately to

k2T > k+k− . (5)

The emitted gluon is on-shell q2 = q+q− − q2T = 0, and therefore we can express this fact as

q− = q2T/q
+ . (6)

On the other hand in the multi-Regge kinematics there is a strong ordering of longitudinal
momenta so

k− = k
′− − q− ! q− . (7)

Using the condition (6) and inserting it into (5) one finally obtains

k2T > k+
q2T
q+

=
z

1− z
q2T , (8)

or as limit on q2T integration

q2T <
1− z

z
k2T . (9)

Now there are several approximations that can be made to this constraint. In the small z limit
(9) can be approximated to

q2T <
k2T
z

. (10)

This form of the approximation was used in [17] and also studied in the context of small x
approximation to the CCFM evolution in [19]. The lower bound on z, i.e. z > x results in the
upper bound on q2T < k2T/x providing local condition for energy-momentum conservation.

Finally, (9) can be further rewritten as a condition on the transverse momentum of the
exchanged gluon k′T . For a given value of kT a high value of k′T means also high value of qT .
Rewriting it as

k′2T − 2k′T · kT + k2T <
1− z

z
k2T , (11)

and averaging over angle between kT and k′T and taking large k′T limit we get:

k′2T <
k2T
z

. (12)

This form of the constraint was used for example in [18] and in [20, 46, 29, 47, 48]. The nice
feature of (12) is the fact that the kernel with kinematical constraint has a Mellin representation
which results in a simple shift of poles in the Mellin space. In the rest of the paper we shall
analyze in detail all the forms of the constraints and quantify the differences between them both
in Mellin space and through direct numerical solution ot the BFKL equation in momentum
space.
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Virtualities dominated by transverse  components

There is a stronger constraint arising however from the requirement that in the low x for-
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Kinematical constraint

Leads to the shift of the poles in the kernel 
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Resummed kernel

In fact, the resolvent of the latter is given by

G̃ω ≡ [ω − K̃ω]−1 # (1 − ᾱsK
ω
c )−1

[
ω − ᾱsK

ω
0 (1 − ᾱsK

ω
c )−1

]−1
, (30)

and is then proportional to the Green’s function of the resummed kernel (28).
In other words, leading-log collinear singularities are equivalently incorporated by a string

of subleading kernels (as in Eq. (28)), or by a NL contribution of order ᾱsω (as in Eq. (29)) —
apart from a redefinition of the impact factors. In the realistic case with running coupling it is
straightforward to check that b-dependence only remains in the first term of the ω-expansion
(26)

χω(γ) # χω
0 + ω

(
A1

γ + ω
2

+
A1 − b

1 − γ + ω
2

)
+ . . . , (31)

whereas it cancels out in all remaining subleading terms. Therefore, in order to incorporate
the leading log collinear behavior in the form (31) we can set, for instance,

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + NLL , (32)

as an improved leading kernel. Here we assume that the scale for ᾱs in the leading BFKL part
is provided by the momentum of the emitted gluon q = k−k′, as suggested by the b-dependent

part of the NLL eigenvalue in Eq. (19), which corresponds to the kernel b 1
q2 log q2

k2

∣∣
Reg

(see [5]),

and — via ω-expansion — to the b-term in Eq. (31). A simplified version of Eq. (32) without
the NLL term and with one collinear term (for γ → 0) was used in [43] for a phenomenological
analysis of the structure functions.

Note that, if we take literally the ω-expansion (26) with the choice of NLL term (22),
then χω

1 /χω
0 would coincide with χω

c close to the collinear poles, but would be different in
detail away from them, and would actually contain spurious poles at complex values of γ due
to the zeroes of χω

0 (γ). Such poles cancel out if the full ω-expansion series (26) is summed
up, but are present at any finite truncation of the series, thus implying poor convergence of
the solution whenever γ-values close to the spurious poles become important. For this reason
in this paper we prefer to resum collinear singularities by the improved kernel (32), which
contains only collinear poles. Furthermore, the NLL term needed to complete Eq. (32) —
to be detailed in the next section — turns out to have only simple (leading) collinear poles,
because the running coupling terms have been already included in the q2-scale dependence
of the running coupling. Therefore, the full kernel has the same virtues as Eq. (26) in the
collinear limit and, lacking spurious poles, is more suitable for numerical iteration.

3 Form of the resummed kernel

3.1 Next-to-leading coefficient kernel

We have still to incorporate in our improved kernel the exact form of the NLL result [4, 5]
in the scheme of the ᾱs expansion, i.e. (32). We choose to start from the leading kernel in
Eq. (32) which incorporates both the collinear resummation and the running coupling effects
due to the choice of scale q2. The full improved kernel then has the form

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + ᾱ2
s(k

2
>)K̃ω

1 , (33)

where k> = max(k, k′), k< = min(k, k′), and K̃ω
1 is determined below.
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non-singular DGLAP

NLL with subtractions

We recall that the Mellin transform of the collinear part Kω
c , defined by

χω
c (γ) =

A1(ω)

γ + ω
2

+
A1(ω)

1 − γ + ω
2

, (34)

leads to the expression

Kω
c (k, k′) =

A1(ω)

k2
>

(
k<

k>

)ω

. (35)

One can match the above prescription to the standard kernel at NLL order by expanding in
ω and in bᾱs to first order

K̃ω " ᾱs(k
2)(K0

0 + ωK1
0 + ωK0

c ) + ᾱ2
s(K̃

0
1 + Krun

0 ), (36)

where we have defined

K0
c ≡ Kω=0

c , K0
j ≡ Kω=0

j , K1
j ≡

∂Kω
j

∂ω

∣∣∣∣
ω=0

, χrun
0 (γ) = −

b

2
(χ′

0 + χ2
0) , (37)

by noting that the running coupling term has the form [see Eqs. (88,89) and App. A]

Krun
0 (k, k′) = −b

[
log

q2

k2 K0(k,k′)

]

Reg

. (38)

By replacing the expression (36) into Eq. (1) we obtain the relationship with the customary
BFKL Green’s function

[ω − K̃ω]−1 =
(
1 − ᾱs(K

1
0 + K0

c )
)−1 [

ω − ᾱs
(
K0 + ᾱsK1 + O(ᾱ2

s)
)]−1

, (39)

where K0 and K1 are LL and NLL ω-independent kernels. The two expressions will match
provided we identify

K0 = K0
0

K̃0
1 = K1 − K0

0 (K1
0 + K0

c ) − Krun
0 , (40)

and we properly redefine the (so far unspecified) impact factors (see Sec. 6). Thus the term
K̃0

1 in (40) corresponds to the customary NLL expression (19) with subtractions.
In γ-space the subtracted NLL eigenvalue function which corresponds to the K̃ω

1 has the
following form:

χ̃1(γ) = χ1(γ) − χ0
0(γ)[χ

1
0(γ) + χ0

c(γ)] − χrun
0 (γ)

= χ1(γ) +
1

2
χ0(γ)

π2

sin2(πγ)
− χ0(γ)

A1(0)

γ(1 − γ)
+

b

2
(χ′

0 + χ2
0) . (41)

The subtractions cancel the triple poles (due to change of energy scales) and the double poles
(from the non-singular part of the anomalous dimension). Therefore the resulting kernel χ̃1

contains at most single poles at γ = 0, 1. Eq. (32) together with the eigenvalues (21), (34)
and (41) gives a complete prescription for the resummed model. This new formulation is
identical to the previous ω-expansion [10, 11] near the collinear poles. It has the advantage
that it can be easily transformed into the (x, k2) space (it is free of ratios in γ-space, such as
χ1/χ0) and avoids the spurious poles that were present in (26).
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k $ k0 and k0 $ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Additional subtraction needed to satisfy the momentum sum rule.

Most of the calculations are actually done in momentum space
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Figure 2: ᾱsχeff(γ, ᾱs) as a function of γ in different schemes for different values of αs:
αs = 0.1 (dash-dotted line), αs = 0.2 (solid line), αs = 0.3 (dashed line). The calculation is
done in the fixed coupling case.

give quite similar answers. The value of the second derivative will influence the diffusion
corrections to the hard Pomeron, as we shall see in Sec. 4.4, and also the transition of the
solution to the non-perturbative regime.

4.2 Numerical methods for solution

In this section we are going to investigate in detail the shape of the solutions to the integral
equation4 with the resummed kernel given in sections 3.2 and 3.3. To this aim we solve
numerically the following integral equation5

G(Y ; k, k0) = G(0)(k, k0)Θ(Y ) +

∫ Y

0
dy

∫ kmax

kmin

dk′2 K(Y − y; k, k′)G(y; k′, k0) (70)

4An interesting iterative method of solution to the NLL BFKL equation has been recently proposed [45].
By using this method it is possible to solve the equation directly in (x, k) space and keep the full angular
dependence.

5Here we change slightly the notation in the first argument of K, writing log 1
z

= Y − y instead of z.
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4 Characteristic features of the resummed Green’s function

We shall first investigate the features of the two-scale Green’s function2 G(Y ; k2, k2
0) based on

the form of the resummed kernel just proposed. In the perturbative regime k2, k2
0 ! Λ2

QCD

with ωs(k2)Y large we have both perturbative contributions, leading to the hard Pomeron
exponent, and non-perturbative ones, due to the asymptotic Pomeron, which is sensitive
to the strong coupling region. It was noticed in [21, 22] that the hard Pomeron dominates
for energies below a certain threshold ᾱs(k2)Y < 1/bωP beyond which there is a tunneling
transition to the non-perturbative regime. It has also been noticed [23], that in the formal
limit b → 0 with ᾱs(k2) fixed the Pomeron is suppressed as exp(−1/bᾱs), so that one can
define a purely perturbative Green’s functions and investigate the diffusion corrections to the
hard Pomeron exponent. In the following, we use the b-expansion up to second order, so as to
obtain the exponent ωs(t) and the additional parameters occurring in the diffusion corrections
predicted by our improved small-x equation. Furthermore, we analyze the perturbative non-
perturbative interface numerically so as to estimate, as a function of log Q2, the critical
rapidity beyond which the non-perturbative Pomeron takes over.

Since the perturbative rapidity range turns out to be considerably extended with respect
to LL expectations, we shall be able to extract numerically the full perturbative Green’s
function and among other things its high-energy exponent and diffusion corrections to it.

4.1 Frozen coupling features

Let us first consider the features of G(Y ; t1, t2) in the limit of frozen coupling ᾱs = ᾱs(k2
0),

i.e. b = 0. In such a case the kernel Kω becomes scale invariant, but the solution to Eq. (3)
is still non-trivial, due to the ω-dependence which complicates the Y -evolution, it no longer
being purely diffusive. In fact, the characteristic function becomes

ᾱsχω(γ, ᾱs) = ᾱs(χ
ω
0 + ωχω

c ) + ᾱ2
sχ̃

ω
1 , (65)

and the important ω values, corresponding to the pole of the resolvent, are defined by

ω = ᾱsχω(γ, ᾱs) , (66)

whose solution at fixed γ we denote by

ω = ᾱsχ
(0)
eff (γ, ᾱs) , (67)

the superscript (0) referring to the b = 0 limit. The effective characteristic function (67)
so defined has the interpretation of a BFKL-type eigenvalue reproducing the pole (66). As
such, it can be compared, at least for frozen coupling, to the analogous quantity defined in the
“duality” approach of Ref. [12]. It provides information about the hard Pomeron exponent
and the diffusion coefficient D = χ′′

m/2χm. In Fig. 1 we compare the results for the exponent
ωs as a function of αs calculated in the case of fixed coupling for schemes A,B and the original
ω-expansion method presented in [10, 11]. The critical exponent is obtained by evaluating
the effective kernel eigenvalue at the minimum

ω(0)
s = ᾱsχ

(0)
eff (γm, ᾱs) . (68)

2In Secs. 4 and 5 we remove for simplicity the ˜ symbols used before to denote RGI quantities in our
present scheme.
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Matrix BFKL+DGLAP, G. Salam (p. 8)

Merging BFKL & DGLAP Green fn. from improved kernel
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Gluon Green’s function

Effects of resummation: Lowering effective power

Onset of small x rise delayed
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Figure 2: Gluon Green’s function G(y; k1, k2) as a function of rapidity y for fixed transverse
momenta k1 = 5, 10, 30, 100GeV and running strong coupling constant.

In Fig. 2 we plot the gluon Green’s function as a function of rapidity for the running coupling
case. We observe similar feature in the case of the calculation with the running coupling included.
In this case the position of the dip or a preasymptotic plateau and the onset of the increase
depends on the value of the scales for which the gluon Green’s function is evaluated. In general
for larger scales, the onset of the increase is delayed to larger rapidities.

The preasymtotic plateau can be better illustrated in the two dimensional plot Fig. 3 where
we show G(y; k1, k1 + �k) as a two-dimensional surface, as well as contour plot in (y, log(k1))
space. The ‘dip’ in rapidity is most prominent in the low k2 region, and it is clear that for
several units of rapidity the growth is very slow.

In order to quantify the dependence of the preasymptotic region on the external scales, we
take the solution with equal scales and evaluate the minimum of this function. As can be seen
from Fig. 4 the position of the minimum in this case gives a good estimate of the onset of the
rise in rapidity.

The position of the minimum in rapidity as a function of the scale in the gluon Green’s
function is shown in Fig. 4. We performed two calculations, where we measure the position of
the minimum in G(y, k, k) and in G(y, k, k+ �k). Calculations in Fig. 4 were done with running
strong coupling. We see that to a very good approximation the dependence on the transverse
momentum is logarithmic. In fact the linear fit shown in this figure describes the extracted
points very well. This suggests, that the dependence on the value of the strong coupling is like
⇠ 1/↵̄s(k). In fact the linear fit works very well for the case of the dip in G(y; k, k) and slightly
worse for the G(y; k, k + �k). In the latter case there is some curvature, visible especially when
going to higher values of k. In any case, the position of the dip varies from about 3 units of
rapidity for k = 2GeV to about 7 � 9 for k = 300GeV. This indicates that the preasymptotic
e↵ects are rather large and significantly delay the onset of the BFKL regime with Pomeron-
like growth. The approximately linear dependence on ⇠ 1/↵̄s(k) is demonstrated in the plot
shown in Fig. 4, which shows straight line in the double logarithmic axis for the dip in the
function G(y; k, k). The slight curvature in the case of G(y; k, k + �k) is also visible. Such
simple dependence on the value of the coupling constant suggests that the minimum occurs for
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G(y; k, k + �k)
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Figure 3: Gluon Green’s function as a two-dimensional function of log k and y. The scale is set
to be k0 = 1GeV.
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fit: 0.78 log(k/1GeV)+2.95

Figure 4: Dip position in rapidity of the resummed gluon Green’s function G(y; k, k) (squares)
and G(y; k, k + �k) (triangles) as a function of the value of the scale k. Strong coupling is
running. The lines correspond to the fits.

particular values of the product ydip↵s. The value of this parameter ydip↵s is approximately
equal to 0.7� 0.8 and it is almost constant when varying value of k.

The inverse relation of the position of the minimum as a function of the strong coupling
could be expected from the analytic form of the solution to the gluon Green’s function. It is
well known that the saddle point approximation leads to the form

G(Y, k?, k
0
?) ⇠

1
p
Y
e!Y exp(�

log(k?k0?/k
2
0)

DY
) , (31)

11

Strong preasymptotic effects, which delay the onset of growth 
towards small x / large y

Dip or a plateau in y
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Figure 5: Dip position in rapidity of the resummed gluon Green’s function G(y; k, k) (squares)
and G(y; k, k+�k) (triangles) as a function of the value of strong coupling constant ↵̄s evaluated
at the scale k. Dashed lines are connecting the points and are just to guide the eye.

which leads to the minimum at

!Y =
1

2
, (32)

Thus one expects the minimum to occur even at LL order, for the values of ↵̄sY ⇠ 0.2 and in
that case it indeed should go like 1/↵̄s.

Thus from this numerical analysis, we see that the LL and resummed solutions vary not only
with respect to the speed of the evolution, but also with respect to where exactly the BFKL
evolution sets in. This can lead to much greater di↵erences numerically than one would naively
expect if the di↵erence was only in the intercept.

The preasymptotic features will be however modified when convoluted with the impact fac-
tors due to the initial spread of the transverse momenta. Before we analyze it in the context
of the physical process, we shall test the dependence on the initial conditions, by simply mod-
ifying the initial condition to be a Gaussian in log k2 with some width given by parameter �,
i.e. G0

⇠ exp(� log2(k2/k2j )/�
2). In Fig. 4 we show the solution for kj = 30GeV for four cases:

delta input, and three Gaussian inputs with di↵erent widths: � = 0.5, 1.0, 2.0. The inputs have
been normalized to unity, when integrated over log k. Interestingly all the solutions converge at
high rapidity, and evolve with the same power asymptotically as they should. The dip and the
slow down of evolution at initial rapidity is most prominent in the case of the delta function,
and becomes less visible for broader initial conditions, i.e. when � is increased. On the other
hand the broader initial conditions lead to solutions that initially start to increase faster with
rapidity. Overall, we see that the dependence on the initial conditions is washed out only for
rapidities of about 8 units, at which point the solutions converge.

As a last part in this section we analyze the approach to asymptotia by investigating the
logarithmic derivative of the gluon Green’s function with respect to the rapidity. To simplify
the analysis we study here the fixed coupling case with all other corrections included. In Fig. 7
(left plot) we show the logarithmic derivative of the gluon Green’s function as a function of
rapidity y. We see that one needs to evolve to very high rapidities for the derivative to go to a
limiting values for the intercept. For example, for value of ↵̄s = 0.15, one is close to asymptotic
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Position of ‘dip’ in  the gluon Green’s function
Inverse relation with strong coupling

Dip in gluon Green’s function

ydip↵s(k) ' 0.7� 0.8
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Impact on two-scale 
processes
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Figure 8: Diagram for �⇤�⇤ scattering in the high energy approximation. Left: the diagram
with BFKL evolution, right: Born diagram with two gluon exchange.

⇠ 0.025. Also, in that case, even for the highest values of rapidity the obtained value is much
lower than the LLx result. That indicates, that in practice, for realistic energies one cannot
expect the leading logarithmic result to be valid, even in approximate form.

5 �⇤�⇤ scattering at high energy

In the previous section we have discussed the preasymptotic features of the gluon Green’s func-
tion stemming from the solution to the resummed BFKL evolution within the CCSS scheme.
We have identified plateau and even a dip in the solution as a function of rapidity which depends
on the values of the external scales. The basic behavior is such that, as the scales become larger
the preasymptotic plateau extends to the larger values of rapidities and it is only at several units
of rapidity when the onset of BFKL growth takes place. However, the results of the previous
section are rather academic since they do not really tell us anything about the preasymptotic
region in the physical processes. One could expect from the considerations of the previous sec-
tion that the onset of the BFKL regime will be significantly delayed, perhaps by several units of
rapidity. However, the exact position of the minimum and the extent of the plateau will crucially
depend on the details of the initial conditions for the solutions, see Fig. 4. In fact, such features
may vary from process to process, given that in the physical reaction the gluon Green’s function
is convoluted with the impact factor, that allows the coupling of the Pomerons to hadrons on
a given process. Even if the impact factor is peaked at some value of the transverse momenta,
there will be a significant spread in these momenta. In order to make more realistic predictions,
we shall now investigate a process of the scattering of two virtual photons, producing light and
heavy quarks. The gluon Green’s function needs to be convoluted with the impact factors, which
will provide for the suitable initial conditions for the evolution. The predictions will be made
for the energies which potentially could be achieved in the future high energy e+e� machines,
for example like planned FCC-ee [56, 57] or CLIC [58, 64]. The diagram for the process of the
�⇤�⇤ scattering is indicated in Fig. 5.
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Virtual photon scattering with equal scales

BFKL Born
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Figure 9: The cross section ��⇤�⇤
(W,Q2, Q2) for virtual �⇤�⇤ scattering as a function of energy

W for three di↵erent virtualities of the photons Q2 = Q2
1 = Q2

2 = 2, 10, 100 GeV2 (blue, black,
red lines). Solid lines: BFKL calculation with resummation; dashed lines: Born calculation. Left
plot: polarizations of both photons are transverse. Right plot: polarization of both photons are
longitudinal.

and (45) in (33) for GL, GT . The Born calculation therefore tends to a constant value at highest
values of the energy W . The initial growth of the Born cross section at low and intermediate
energies, W . 100 GeV, is due to the opening of the phase space for the impact factors. We
see a clear growth of the BFKL calculation with W , which leads to a much higher cross section
than the Born exchange for highest energies, W > 100GeV. However, the BFKL calculation is
lower than the Born calculation for low energies, of the order of W ' 10� 100 GeV. The point
where the cross section with the BFKL resummation becomes larger than the Born calculation
depends strongly on the virtualities of the photons, i.e. for higher virtualities it moves to a
higher energies.

This e↵ect is better illustrated in Figs. 10 for the transverse-transverse case and Fig. 11 for
the longitudinal-longitudinal case where the ratio of the resummed BFKL to Born calculation
is shown as a function of energy W on the left plots, and as a function of x variable on the
right plots. We see that the BFKL based computation is in fact much lower at low energies
than the Born calculation. One could argue that perhaps the BFKL calculation should not be
completely trusted at very large values of x ⇠ 0.1 and above, nevertheless the e↵ect is prominent
even at values of x which are lower than 0.01. This e↵ect, as well as a delay in the onset of the
asymptotic small x growth, was observed also in [65] which used kinematical constraint in the
LL BFKL with running coupling, and thus partially accounting for the resummation e↵ects. In
the present calculation, which uses full resummation, the e↵ect is more pronounced. Most likely
this is due to the additional non-leading e↵ects incorporated into resummation, like the non-
singular parts of the DGLAP splitting function which tend to bring the solution even lower. We
see that the preasymptotic region extends to quite large energies, of the order of 50� 200GeV,
or small x ⇠ 5÷1⇥10�3, depending on the virtuality. We have also verified that the calculation
based on the LL BFKL equation (with just running coupling included) is always larger than
the Born calculation, even for low energies. This is illustrated in Fig. 12 (left plot). We thus
conclude that the strong suppression of the calculation based on the resummed evolution with
respect to the Born calculation is indeed due to the non-leading e↵ects and resummation. It
is thus connected to the strong preasymptotic e↵ects of the gluon Green’s function analyzed in
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Transverse-transverse Longitudinal-longitudinal

Energy dependence of BFKL vs flat behavior at large W
Preasymptotic effects  : resummed BFKL lower than Born 

calculation at low W. Observed previously.

Impact on two-scale 
processes
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Figure 12: Left: the transverse-transverse cross section as a function of energy W for two values
of Q2 = 2 and 100 GeV2. The BFKL resummed calculation is compared to the LLx BFKL
calculation with the running coupling, and the Born case. Right: the cross section ratio of
transverse to longitudinal polarization as a function of energy W for di↵erent virtualities of the
photons Q2 = Q2

1 = Q2
2 = 2, 10, 100 GeV2.

case. The transverse-transverse contribution dominates the cross section, and the ratio is rather
flat for the energies considered. We checked that, for the higher values of Q2 the ratio starts to
slightly decrease for higher energies W . Overall, the LL contribution is about 10% of the TT
contribution for the range of parameters explored.

We also observe, from Fig. 9 and Fig. 10 that the exponent governing the energy growth for
the transverse-transverse case is almost identical for all the values of photon virtualities. From
the analysis of the previous section, and in general expectation from the solutions to the BFKL
equation one would conclude that the exponent should depend strongly on the value of Q2,
since the Pomeron intercept is a function of ↵s which should be dominated by the typical values
of transverse momenta of the order of virtuality in the impact factor. In such scenario, one
would expect that the rate of growth at Q2 = 2GeV2 would be faster than at Q2 = 100GeV2,
i.e. the ratio of the intercepts would be approximately ⇠ 1.5 � 1.7, see Fig. 1 in [29]. For the
transverse-transverse calculation, this does not seem to be the case. The situation is slightly
di↵erent for the longitudinal-longitudinal calculation. In Fig. 11, particularly in the right plot
which shows the x dependence, the growth with x for Q2 = 100GeV2 is a bit slower than for
Q2 = 2 or Q2 = 10GeV2. The latter two, exhibit though similar x dependence. Overall, there
does not seem to be a lot of dependence of the rate of growth with W on the scales of Q2 for
the impact factors.

To better understand the behavior of the cross section, and in particular which transverse
momenta contribute to the integral, we analyzed the distribution in the transverse momenta
in the expression for the cross section Eq.(33). That is we define the function which is the
integrand in Eq.(33) p̄(Q2

1, Q
2
2,W, k2) as

��⇤�⇤

ij (W,Q2
1, Q

2
2) =

Z k2max

k20

dk2

k2
pij(W,Q2

1, Q
2
2, k

2) , (46)
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Impact on two-scale processes

LLx calculation (with running coupling) always larger than Born
Preasymptotic effects of resummation having large impact onto W behavior
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Splitting functionHigher-order corrections at small x (29/46)

Splitting functions Perturbative structure of Pgg

! Small-x gluon splitting
function has logarithmic
enhancements:

xPgg (x) =
∑

n=1

αn
s lnn−1 1

x

+
∑

n=2

αn
s lnn−2 1

x
+ . . .

! NNLO (α3
s ): first small-x

enhancement in gluon splitting
function.

Understanding small-x

becomes unavoidable
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x
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X
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s lnn�2 1

x
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Gluon-gluon splitting function has logarithmic 
enhancements at small x

First small x logarithmic term which belongs to 
NLLx hierarchy recovered at NNLO 

�1.54↵̄3
s ln 1/x

LLx NLLx

Resummation at small x is inevitable.

Moch, Vermaseren, Vogt
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Resummed splitting functionHigher-order corrections at small x (33/46)

Splitting functions Full Pgg(z) splitting fn

 0.1

 1
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z 
P(

z)

z

Q = 4.5 GeV
α−s(Q

2) = 0.215

LL (fixed α−s)
LL (α−s(q

2))
NLLB

LO DGLAP

• Small x growth delayed to much smaller values of x (beyond HERA)
• Interesting feature: a dip seen at around 
• Is this universal feature ?
• Need to understand the origin of the dip in splitting function.

x ' 10�3
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Higher-order corrections at small x (35/46)

Splitting functions
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Reorganise perturbative series
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Higher-order corrections at small x (35/46)
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Higher-order corrections at small x (35/46)
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Higher-order corrections at small x (35/46)
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In general: dip comes from the interplay 
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This is valid at small coupling. For larger values 
another regime
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1

xmin
' 3

2!(↵s)
<latexit sha1_base64="33EMoQdZ59blYblLUe96pVDh4c8=">AAACJnicbVBNS8NAEN34bf2qevSyWAS9lEQFvQiiF48KVoWmhMl20i7ubuLuRiwhv8aLf8WLB0XEmz/Fbc3BrwcDj/dmmJkXZ4Ib6/vv3tj4xOTU9MxsbW5+YXGpvrxyYdJcM2yxVKT6KgaDgitsWW4FXmUaQcYCL+Pr46F/eYva8FSd20GGHQk9xRPOwDopqh+EQtEw0cCKoCzuoiLUkkquypKGhku8qcydstimYSqxB5shiKwPkdkqo3rDb/oj0L8kqEiDVDiN6s9hN2W5RGWZAGPagZ/ZTgHaciawrIW5wQzYNfSw7agCiaZTjN4s6YZTujRJtStl6Uj9PlGANGYgY9cpwfbNb28o/ue1c5vsdwqustyiYl+LklxQm9JhZrTLNTIrBo4A09zdSlkfXCzWJVtzIQS/X/5LLrabgd8MznYbh0dVHDNkjayTTRKQPXJITsgpaRFG7skjeSYv3oP35L16b1+tY141s0p+wPv4BN0rpfw=</latexit><latexit sha1_base64="33EMoQdZ59blYblLUe96pVDh4c8=">AAACJnicbVBNS8NAEN34bf2qevSyWAS9lEQFvQiiF48KVoWmhMl20i7ubuLuRiwhv8aLf8WLB0XEmz/Fbc3BrwcDj/dmmJkXZ4Ib6/vv3tj4xOTU9MxsbW5+YXGpvrxyYdJcM2yxVKT6KgaDgitsWW4FXmUaQcYCL+Pr46F/eYva8FSd20GGHQk9xRPOwDopqh+EQtEw0cCKoCzuoiLUkkquypKGhku8qcydstimYSqxB5shiKwPkdkqo3rDb/oj0L8kqEiDVDiN6s9hN2W5RGWZAGPagZ/ZTgHaciawrIW5wQzYNfSw7agCiaZTjN4s6YZTujRJtStl6Uj9PlGANGYgY9cpwfbNb28o/ue1c5vsdwqustyiYl+LklxQm9JhZrTLNTIrBo4A09zdSlkfXCzWJVtzIQS/X/5LLrabgd8MznYbh0dVHDNkjayTTRKQPXJITsgpaRFG7skjeSYv3oP35L16b1+tY141s0p+wPv4BN0rpfw=</latexit><latexit sha1_base64="33EMoQdZ59blYblLUe96pVDh4c8=">AAACJnicbVBNS8NAEN34bf2qevSyWAS9lEQFvQiiF48KVoWmhMl20i7ubuLuRiwhv8aLf8WLB0XEmz/Fbc3BrwcDj/dmmJkXZ4Ib6/vv3tj4xOTU9MxsbW5+YXGpvrxyYdJcM2yxVKT6KgaDgitsWW4FXmUaQcYCL+Pr46F/eYva8FSd20GGHQk9xRPOwDopqh+EQtEw0cCKoCzuoiLUkkquypKGhku8qcydstimYSqxB5shiKwPkdkqo3rDb/oj0L8kqEiDVDiN6s9hN2W5RGWZAGPagZ/ZTgHaciawrIW5wQzYNfSw7agCiaZTjN4s6YZTujRJtStl6Uj9PlGANGYgY9cpwfbNb28o/ue1c5vsdwqustyiYl+LklxQm9JhZrTLNTIrBo4A09zdSlkfXCzWJVtzIQS/X/5LLrabgd8MznYbh0dVHDNkjayTTRKQPXJITsgpaRFG7skjeSYv3oP35L16b1+tY141s0p+wPv4BN0rpfw=</latexit><latexit sha1_base64="33EMoQdZ59blYblLUe96pVDh4c8=">AAACJnicbVBNS8NAEN34bf2qevSyWAS9lEQFvQiiF48KVoWmhMl20i7ubuLuRiwhv8aLf8WLB0XEmz/Fbc3BrwcDj/dmmJkXZ4Ib6/vv3tj4xOTU9MxsbW5+YXGpvrxyYdJcM2yxVKT6KgaDgitsWW4FXmUaQcYCL+Pr46F/eYva8FSd20GGHQk9xRPOwDopqh+EQtEw0cCKoCzuoiLUkkquypKGhku8qcydstimYSqxB5shiKwPkdkqo3rDb/oj0L8kqEiDVDiN6s9hN2W5RGWZAGPagZ/ZTgHaciawrIW5wQzYNfSw7agCiaZTjN4s6YZTujRJtStl6Uj9PlGANGYgY9cpwfbNb28o/ue1c5vsdwqustyiYl+LklxQm9JhZrTLNTIrBo4A09zdSlkfXCzWJVtzIQS/X/5LLrabgd8MznYbh0dVHDNkjayTTRKQPXJITsgpaRFG7skjeSYv3oP35L16b1+tY141s0p+wPv4BN0rpfw=</latexit>



Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli; 

Resummed splitting function

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

10-910-810-710-610-510-410-310-210-11

x
P g
g(
x)

x

�s = 0.20, nf = 4, Q0MS���

LO
NLO
NNLO
LO+LLx
NLO+NLLx
NNLO+NLLx

Figure 2.1. Comparison of the fixed-order gluon-gluon xPgg(x,↵s) (left) and the quark-gluon
xPqg(x,↵s) (right) splitting functions with the corresponding LO+LLx, NLO+NLLx and NNLO+NLLx
results including small-x resummation. The comparison is performed at a scale such that ↵s = 0.2 and
in the Q0MS scheme with nf = 4 active quark flavours.

incorporate a number of technical improvements which makes the numerical implementation
more robust, and allow the matching to NNLO fixed order as well as NLO: a detailed discussion
and comparison is given in Refs. [62, 63]. The resummation of small-x logarithms is more
important at NNLO than at NLO, since at NNLO the fixed-order small-x logarithms give rise
to perturbative instabilities at small-x, as visible from a comparison of the NLO and NNLO
curves in Fig. 2.1. Indeed, from the left hand plot, one can immediately see that for moderately
small values of x NLO gluon evolution is closer to the all-orders result at small x than NNLO
evolution, since for 10�6 . x . 10�3 the NLO splitting kernels are closer to the best prediction,
NNLO+NLLx, than the NNLO ones. Additionally, from the right plot, both resummed results
for the gluon to quark spitting function are closer to NLO than to NNLO for 10�5 . x . 10�1.
N3LO evolution, when available [86, 87], will lead to even more significant instabilities at small
x, due to the appearance of two extra powers of the small-x logarithms (the leading NLO and
NNLO logarithms are accidentally zero), and will make the inclusion of small-x resummation
even more crucial.

To facilitate the use of small-x resummation, the HELL code has been interfaced to the
public code APFEL [119, 120]. Thanks to this APFEL+HELL interface, it is straightforward to
perform the PDF evolution (and the computation of DIS structure functions) with the inclusion
of small-x resummation e↵ects. Note that APFEL+HELL only implements the so-called “exact”
solution of DGLAP evolution, rather than the “truncated” solutions used in ABF (for example
in Refs. [44–46]), and nowadays routinely in NNPDF fits, in which subleading corrections are
systematically expanded out [72]. For this reason we will use the exact solution throughout in this
paper, to facilitate comparison between fixed-order and resummed results. Since the di↵erence
between the two solutions becomes smaller and smaller when increasing the perturbative order,
this choice does not a↵ect significantly our NNLO(+NLLx) results, but care should be taken
when comparing the NLO PDFs from those of other NNPDF fits.

We now investigate the e↵ects induced by evolving the PDFs with resummed splitting kernels
as compared to standard fixed-order DGLAP splitting functions. In order to illustrate these
e↵ects, we take a given input PDF set as fixed at a low scale Q0, that is, a common boundary
condition, and then evolve it upwards using APFEL+HELL with either fixed-order (NLO or NNLO)
or resummed (NLO+NLLx or NNLO+NLLx) theory. In this way, we can determine what are
the main di↵erences induced at high scales by small-x resummation in the PDF evolution; we
stress however that the physical meaning of the resulting comparison is limited, as in a PDF fit

6

Dip in the splitting function visible in other resummation approaches
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In order to assess the impact of small-x resummation for the description of the small-x and Q2 HERA data, 
compute the χ2 removing data points in the region where resummation effects are expected

Small-x resummation effects 
could be important here

Fixed-order theory
should work fine here

PDFs with small-x resummation 

Dcut=1.5

Dcut=2

Dcut=2.5

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

move the cutoff to 
include more data
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Small x resummation and HERA data
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10

Using NNLO+NLLx theory, the NNLO instability of the χ2  disappears

Excellent fit quality to inclusive and charm HERA data achieved in the entire (x,Q2) region 

PDFs with small-x resummation 

NNLO worsens as we include 
more small-x data

NNLO+NLLx best description everywhere

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

• χ2 changes for DGLAP at NNLO when 
more small x data are included


• NNLO+NNLLx  gives best description


• Interestingly NLO and NLO+NLLx do not 
differ by a lot (flat splitting function at 
NLO?)

• Perform fits to data with the cut on 
small x/small Q2 region


• Observe the variation or lack of 
variation in  χ2
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Figure 6.7. Predictions for the F2 and FL structure functions using the NNPDF3.1sx NNLO and
NNLO+NLLx fits at Q2 = 5 GeV2 for the simulated kinematics of the LHeC and FCC-eh. In the case
of F2, we also show the expected total experimental uncertainties based on the simulated pseudo-data,
assuming the NNLO+NLLx values as central prediction. A small o↵set has been applied to the LHeC
pseudo-data as some of the values of x overlap with the FCC-eh pseudo-data points. The inset in the left
plot shows a magnified view in the kinematic region x > 3⇥ 10�5, corresponding to the reach of HERA
data.

kinematic region covered by HERA are already comparable or larger than the size of the simu-
lated pseudo-data uncertainties. This suggests that the inclusion of the LHeC/FCC-eh data for
F2 into a global fit would also provide discrimination power between the two theories, even if
restricted to the HERA kinematic range. Finally, we see that di↵erences are more marked for
FL, with central values di↵ering by several sigma (in units of the PDF uncertainty) in a good
part of the accessible kinematic range. This is yet another illustration of the crucial relevance
of measurements of FL to probe QCD in the small-x region (as highlighted also by Fig. 5.2).

The comparisons of Fig. 6.7 do not do justice to the immense potential of future high-energy
lepton-proton colliders to probe QCD in a new dynamical regime. A more detailed analysis,
along the lines of Ref. [216], involves including various combinations of LHeC/FCC-eh pseudo-
data (�red

NC, FL, F
c

2 , etc.) into the PDF global analysis, allowing one to use the pseudo-data to
reduce the PDF uncertainties and to quantify more precisely the discriminating power for small-
x resummation e↵ects with various statistical estimators, generalizing the analysis of the HERA
data presented in Sect. 5. Such a program would illustrate the unique role of the LHeC/FCC-eh
in the characterization of small-x QCD dynamics, and would provide an important input to
strengthen the physics case of future high-energy lepton-proton colliders.

As a first step in this direction, we have performed variants of the NNPDF3.1sx fits including
various combinations of the LHeC and FCC-eh pseudo-data of �red

NC. Specifically, we have used
the LHeC (FCC-eh) pseudo-data on Ep = 7 (50) TeV + Ee = 60 GeV collisions, where the
central value of the pseudo-data has been assumed to correspond to the NNLO+NLLx predic-
tion computed with the corresponding resummed PDFs. All experimental uncertainties of the
pseudo-data have been added in quadrature. The fits have been performed at the DIS-only level,
since we have demonstrated in Sect. 5 that the small-x results are independent of the treatment
of the hadronic data. Here we will show results of the fits including both LHeC and FCC-eh
pseudo-data, other combinations lead to similar qualitative results.

First of all we discuss the fit results at the �
2
/Ndat level. For simplicity, we show only the

results of the HERA inclusive cross-sections as well as that of the LHeC and FCC-eh pseudo-
data: for all other experiments, the values presented in Table 4.1 are essentially unchanged. As
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Small x resummation: future colliders

• Structure function in the LHeC/FCC-eh range can discriminate between different scenarios

• Longitudinal structure function particularly sensitive to the resummation vs fixed order 

• EIC: lower energy, so likely in preasymptotic regime, but can measure longitudinal structure 

function with precision


• Perform extrapolation of the calculations to the higher energy 
range (smaller x). 


• Simulations with and without the resummation


• Compared with the pseudodata




Important consequences for the LHeC and FCC-eh: large differences!
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Impact of resummation on future machines
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• Perform fits and extraction of PDFs using HERA data 
supplemented by pseudodata from LHeC+FCC-eh colliders


• Pseudodata restrict the uncertainties in PDFs


• Large differences in the extrapolation of the PDFs towards 
small x with and without the resummation




Summary and outlook

• Resummation schemes at low x based on collinear improvements: 
kinematical effects, matching to DGLAP


• Stability of the results demonstrated for scale changes and model changes.


• Characteristic features: reduced Pomeron intercept and small x growth 
delayed by several units of rapidity. 


• Preasymptotic effects: dip of the splitting function and dip/plateau in the 
Green’s function. 


• Impact on saturation: lowering the saturation scale.


• EIC :  kinematic range where strong preasymptotic effects present. Still, 
increased luminosity and possibility of precision FL measurement can help. 
Other colliders (like LHeC/FCC-eh): very important


• Needed: resummation of impact factors, off shell matrix elements for other 
processes
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Resummed kernel in x,kT

Note that the choice of scale in ᾱs in the first term in Eq. (33) is determined by the form
of the NLL part. Any change of scale in this term would correspond to the change of NLL
terms proportional to b. The scale for the collinear parts is chosen to match the standard
DGLAP formulation whereas in the NLL part is purely conventional, and its change would
be of the NNLL order. In the following, in order to study the dependence on renormalisation
scale uncertainties, we introduce the quantity xµ and generalize eq. (33) as follows

Kω =
(
ᾱs(x

2
µq2) + bᾱ2

s log x2
µ

)
Kω

0 + ω
(
ᾱs(x

2
µk2

>) + bᾱ2
s log x2

µ

)
Kω

c + ᾱ2
s(x

2
µk2

>)K̃ω
1 . (42)

3.2 Form of the kernel in (x, k2) space

We define the resummed kernel in (x, k2) space as the (integrated) inverse Mellin transform
of K̃ω:

K̃(z; k, k′) ≡
∫

dω

2πi
z−ω 1

ω
K̃ω(k, k′) (43)

where the real variable z can assume values between x and 1.
The subtractions of (41) are translated into (x, k2) space to give

1

2
χ0(γ)

π2

sin2(πγ)
→

1

4|k2 − k′2|

[
log2 k′2

k2
+ 4Li2

(
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k2
<

k2
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)]
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A1(0)
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→ −A1(0) sign(k2 − k′2)

[
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−
1
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1

2
[χ2

0(γ) + χ′
0(γ)] →

[
1

q2
log

q2

k2

]

Reg

, (44)

where the dilogarithm function is defined to be

Li2(w) := −
∫ w

0

dt

t
log(1 − t) , Li2(1) =

π2

6
. (45)

In (x, k2) space the symmetric shift is translated into the symmetric kinematical constraint
which has to be imposed onto the real emission part of the BFKL and also into the collinear
non-singular DGLAP terms:

kz < k′ <
k

z
(46)

(in the following we denote the imposition of the kinematical constraint onto the appropriate
parts of the kernel by the superscript (kc), i.e. Kkc

0 (k, k′)).
The final resummed kernel K̃(z; k, k′) is the sum of three contributions:

∫ 1

x

dz

z

∫
dk′2 K̃(z; k, k′)f(
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z
, k′)

=
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(47)
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The different terms are as follows:
• LO BFKL with running coupling and consistency constraint (q = k − k′)

∫ 1
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• non-singular DGLAP terms with consistency constraint
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• NLL part of the BFKL with subtractions included
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The non-singular splitting function in the DGLAP terms is defined as follows:

P̃gg = Pgg −
1

z
, (51)

where we take

Pgg =
1 − z

z
+ z(1 − z) +

z

(1 − z)+
+

11

12
δ(1 − z) , (52)

(we only consider purely gluonic channel, nf = 0). Also we note that the argument of the
splitting function P̃ has to be shifted in (49) in order to reproduce the correct collinear limit
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The different terms are as follows:
• LO BFKL with running coupling and consistency constraint (q = k − k′)
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• non-singular DGLAP terms with consistency constraint
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• NLL part of the BFKL with subtractions included
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The non-singular splitting function in the DGLAP terms is defined as follows:
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Pgg =
1 − z
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(we only consider purely gluonic channel, nf = 0). Also we note that the argument of the
splitting function P̃ has to be shifted in (49) in order to reproduce the correct collinear limit
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LL BFKL with consistency constraint

non-singular DGLAP with consistency constraint
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Resummed kernel in x,kT

The different terms are as follows:
• LO BFKL with running coupling and consistency constraint (q = k − k′)
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• non-singular DGLAP terms with consistency constraint

∫ 1

x

dz

z

∫
dk′2 ᾱs(k
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, k′) , (49)

• NLL part of the BFKL with subtractions included

∫ 1

x

dz

z

∫
dk′2 ᾱ2

s(k
2
>)K̃1(k, k′)f(

x

z
, k′)

=
1

4

∫ 1

x

dz

z

∫
dk′2 ᾱ2

s(k
2
>)

{

(
67

9
−
π2

3

)
1

|k′2 − k2|

[
f(

x

z
, k′2) −

2k2
<

(k′2 + k2)
f(

x

z
, k2)

]
+

[
−

1

32

(
2

k′2
+

2

k2
+

(
1

k′2
−

1

k2

)
log

(
k2

k′2

))
+

4Li2(1 − k2
</k2

>)

|k′2 − k2|

−4A1(0)sgn(k2 − k′2)

(
1

k2
log

|k′2 − k2|
k′2

−
1

k′2
log

|k′2 − k2|
k2

)

−

(

3 +

(
3

4
−

(k′2 + k2)2

32k′2k2

))∫ ∞

0

dy

k2 + y2k′2
log |

1 + y

1 − y
|

+
1

k′2 + k2

(
π2

3
+ 4Li2(

k2
<

k2
>

)

)]
f(

x

z
, k′)

}

+
1

4
6ζ(3)

∫ 1

x

dz

z
ᾱ2

s(k
2)f(

x

z
, k) . (50)

The non-singular splitting function in the DGLAP terms is defined as follows:

P̃gg = Pgg −
1

z
, (51)

where we take

Pgg =
1 − z

z
+ z(1 − z) +

z

(1 − z)+
+

11

12
δ(1 − z) , (52)

(we only consider purely gluonic channel, nf = 0). Also we note that the argument of the
splitting function P̃ has to be shifted in (49) in order to reproduce the correct collinear limit

13

NLL BFKL with subtractions
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